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Of late, there has been great interest, including speculations about fluid phase equilibria, in hard sphere mixtures,
especially in the region where the concentration of the large
spheres 共the solute兲 is small.1–11 Such mixtures are a simple
model for colloidal suspensions.12,13
Recently, we have proposed formulas for the contact
values of the radial distribution functions, and the resulting
equation of state, of such a mixture.2,3 The accuracy of our
formulas is supported by Monte Carlo simulations3 and by
highly accurate second order integral equations.4,5 These formulas yield the exact second and third virial coefficients and
yield values6 for the fourth and fifth virial coefficients that
are in close agreement with the exact values of Saija et al.7
for the fourth virial coefficient and the exact values of Enciso
et al.8 for the fifth virial coefficient. It has been pointed out9
that the values of Saija et al. for the fifth virial coefficient,
which differ from those of Enciso et al., are in error because
of a misprint in a paper of Borstnik.10 Our formulas are the
same as the well known formulas of Boublik and Mansoori
et al. 共BMCSL兲,14 as extended to the contact values of the
pair distribution functions by Grundke and Henderson,15 for
most of the concentration range, but differ significantly when
the concentration of the large spheres is small. Our formula
for the solvent-solvent contact value is the same as BMCSL.
The solute-solvent contact value is similar to the BMCSL but
the well known16 contact value theorem, where the limit of
this contact value at extreme dilution of exceedingly large
particles is equal to pV/NkT, is grafted on to the BMCSL
result, which does not satisfy this contact value theorem. To
this point, our formulas are reasonably well-founded. In contrast, our expression for the solute-solute contact value,
which is the most interesting of the three functions, is obtained by pure intuition. Originally, because of the ad hoc
nature of our development of the latter term, we called our
formulas the ad hoc formulas. However, in view of the broad
range of tests that our formulas have satisfied, the original
0021-9606/98/108(23)/9946/2/$15.00

name seems inappropriate. For want of an alternative, we
call our formulas the Henderson-Chan 共HC兲 formulas.
In a recent paper, Matyushov and Ladanyi 共ML兲11 have
performed Monte Carlo 共MC兲 simulations of the solutesolvent pair distribution function for hard sphere mixtures
where the ratio of diameters is as large as 3.5. Their system
consists of one large solute sphere in a solvent of small
spheres. By so doing they are able to achieve very small
concentrations of the large spheres (x 2 as small as 0.002兲.
However, with only one large sphere, they are unable to
study the solute-solute distribution function. Their simulations are complementary to our own,3 where we used 50
large spheres. As a result, we did not simulate concentrations
below 0.01. In our studies, we considered diameter ratios as
large as 20.
In addition, ML proposed a formula for the solutesolvent contact value and tested their formula and what they
thought to be our formula. They found that what they
thought to be our result was inferior. Regrettably, because of
a misprint in one of our earlier papers, they did not use our
expression. The correct formulas are found in Yau et al.3 For
the convenience of the reader, we give the correct expression
for g 12(d 12),

g 12共 d 12兲 ⫽g BMCSL
共 d 12兲 ⫹
12
⫺

共 ␦ 兲 3

共 ␦ 兲 2

d 2 ⫺1

共 1⫺  兲 3 共 d⫹1 兲 2

d 3 ⫺1

共 1⫺  兲 3 共 d⫹1 兲 3

.

共1兲

The notation of ML has been used. This differs from the
result used by ML, their Eq. 共20兲, in the powers of the second term on the right-hand side 共rhs兲. Equation 共1兲 satisfies
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FIG. 1. Solute-solvent contact values as a function of the ratio of diameters
for x 2 ⫽0.0039. The three sets of curves are, from the bottom, for  * , as
defined by ML, equal to 0.7, 0.8, and 0.9. The circles are the simulation
values of ML. The solid, long, and short dashed lines give the values from
our expression, that of ML, and that of BMCSL, respectively. Species 2 is
the large sphere.

the contact value theorem only with the correct powers. All
the numerical results and graphs that are reported in our papers are correct.
In Fig. 1, we compare the results obtained from the correct version of our expression with their MC results. Their
approximation and ours are virtually identical and are very
good.
Since our MC results include diameter ratios as large as
20, it is useful to compare our formula and that of ML for
g 12(d 12) with these results. This comparison is given in Fig.
2. In general, the two formulas give similar results. However,

FIG. 2. Solute-solvent contact values as a function of the inverse ratio of
diameters for a packing fraction of 0.3. The solid circles and triangles give
the simulation values of Yau et al. 共Refs. 2 and 3兲 for x 2 ⫽0.01 and near 1.
The squares are calculated from thermodynamic data. The solid, long, and
short dashed curves give the values from our expression, that of ML, and
that of BMCSL, respectively. In order from the bottom, the three sets of
curves give the values of g 12(d 12) for x 2 ⫽1, 0.01, and 0. Species 2 is the
large sphere.
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for small, but not zero, x 2 , the ML formula has a minimum
that is not seen in the MC results. The ML formula was
derived for x 2 ⫽0. There does not seem to be a problem with
their fundamental formula, Eq. 共16兲 of their paper. However,
the extension to nonzero vaues of x 2 , Eq. 共19兲 of their paper,
seems in need of revision. This is a small part of an admirable paper. Further, we note that this conclusion is based on
a small number of simulation points. Additional simulations
for large d 22 /d 11 and small x 2 as well as at higher densities,
would be valuable.
In their paper, ML state that an expression that is more
accurate than the BMCSL for the entire concentration range
does not yet exist. Certainly there is a need for such an
expression. Respectfully, we offer, at least for the present,
our formulas for this purpose. They have satisfied an impressive range of tests. In addition, they predict phase equilibria
in hard sphere mixtures.17 We believe that this is the only
analytic expression to do so. However, this is a rapidly developing field. We recognize that we, or some others, may
propose improvements to our formulas. We welcome the
prospect.
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